Equivalent Statements

Two statements are logically equivalent if both statements have exactly the same truth values in
the answer column of their truth tables. We use the symbols < or = for logical equivalence.

Example:
Determine whether the following two statements are logically equivalent.
~pV~q and ~(pvq)
p q ~p v ~9q ~ (p A q9)
T T F F F F T
T F F T T T F
F T T T F T F
F F T T T T F

.

1. Find the truth value of the first statement
a. Step 1: red
b. Step 2: compare two columns of red truth values to arrive at the truth value for the
whole statement (shown in purple).
2. Find the truth value of the second statement
a. Stept:
b. Step 2: compare the two columns of green truth values to arrive at the truth value for
the statement in parentheses (shown in blue).
c. Step 3: Find the negative (opposite) of the truth values from the previous step (shown
in purple).
3. The answer columns for the two statements are shown in purple. Compare these columns. If
they look exactly alike, then the statements are logically equivalent. Note: [t only takes
on truth value being different to keep the statements from being logically equivalent.

.. The statements are logically equivalent, because their truth tables are exactly the same.
Thus, ~pv~q < ~(pvq)

This particular example covers one of a special set of laws that will help us determine the logical
equivalence of statements. These laws are called the DeMorgan’s Laws, named after Augustus
DeMorgan and English mathematician.
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DeMorgan's Laws
1. ~(p/\q)<:>~ pv ~q

2. ~(pvq)<:>~p/\~q

You can use these laws to recognize whether two statements are equivalent without having to build
their truth tables. However, for this class | will require you to build the truth tables most of the
time.

Example:

Show that po>qgS~pvyg

Recall that » — ¢ is true in every case except when p = True and q = False (in otherwords, the
broken promise).
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Step 1 in red. T

Step 2 in purple.
Step 3 in
Step 4 in blue.

Now compare the answer columns (one is in purple and the other is in blue). The statements have
exactly the same truth values. Therefore, the statements are logically equivalent.
Sp—=>q=>~pVvg

Negation of the Conditional Statement

In the example above, we showed that p g <~ pvq. Now let's use that knowledge to
determine what ~ (p — ¢) is equivalent to.

So if

pP>94=>-pVvy
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Then
~(poa)e=(-pva)
(All we did here was replace the statement in the parentheses p — ¢ with its equivalent form
~pvq).
Now we will destribute the negation that is on the outside of the parentheses (on the right side of
the < ). So we have the following:
~(p=q) o=(-pva)
S~ (~ p)/\ ~q
Next, we simplify the statement on the right of the < as much as possible.
~(p—>q) o~(~rvq)
=~ (~ p)/\ ~q
© pA~q

Thus, ~(p—>q)<:>p/\~q

This is just one of the several variations of the conditional statement. Each has a special name.

Name Symbolic Form Read as:
Conditional P4 “If p, then q"
Converse q-op “If q, then p"
Inverse ~po~q “If not p, then not q"
Contrapositive ~q—>~p “If not q, then not p"

In other words:

Converse: switch the p and q

Inverse: negate both p and g
Contrapositive: negate and switch bot p and q

Example: Determine whether any of the forms of the conditional statement are logically equivalent.

(i.e. Construct the truth tables)

P q p=>q | q — p ~p — ~q | ~4q -  ~p
T T T T T T F T F F T F
T F F F T T F T T T F F
F T T T F F T F F F T T
F F T F T F T T T T T T
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Therefore, p > g < (~g—>~p) and g p = (~p—>~q).
Examples: Use DeMorgan's Laws to determine whether the statements are equivalent.

#12 ~(prg), (pv~9)
Start with one of the two statements and try to work towards the other through manipulations and
simplifications.
~(prg) = ~pv~q
&S pv~gq

Thus, these two statements are not equivalent.

Note: An alternate method would be to show the truth tables for both statements to determine
equivalence.

#18 ~(~p—>q),~p/\~q

Recall that ¢ > h o~ gvi.
Start with the first statement and try to manipulate it to look like the second.
~~p-q) < ~(~(~p)va)
= ~(pva)
© ~pr-gq
Therefore, the statements are logically equivalent.
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